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The de Haas van Alphen (dHvA) effect is well known as an oscillatory variation of the magnetiza-
tion of conductors as a function of the inverse magnetic field and the frequency is proportional to the
area of the Fermi surface. Here, we show that an analog effect can occur for neutral atoms with a
nonvanishing magnetic moment interacting with an electric field. Under an appropriate field-dipole
configuration, the neutral atoms subject to a synthetic magnetic field arrange themselves in Landau
levels. Using the Landau-Aharonov-Casher (LAC) theory, we obtain the energy eigenfunctions and
eigenvalues as well as the degeneracy of the system. In a strong effective magnetic field regime we
present the quantum oscillations in the energy and effective magnetization of a two-dimensional
(2D) atomic gas. From the dHvA period we determine the area of the Fermi circle of the atomic
cloud.
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INTRODUCTION
In the last few decades, the study of the artificial mag-
netism for neutral atomic systems have grown [1–9]. In
these systems, neutral particles interacting with a suit-
able configuration either of electric [10], magnetic [11] or
laser [12] fields behave themselves as charged particles
in presence of a synthetic magnetic field. The quest for
artificial magnetism is to realize situations where a neu-
tral particle acquires a geometrical phase when it follows
a closed contour. In a seminal work [1], Aharonov and
Casher showed that a particle with a magnetic moment
moving in an electric field accumulates a quantum phase
which is related with a vector potential. This interaction
atom-electric field through a nonvanishing magnetic mo-
ment (known as Aharonov-Casher (AC) effect) coincides
formally in the nonrelativistic limit with that of mini-
mal coupling, where AC vector potential is determined
by the electric field and the direction of the magnetic
dipole. Based on the AC effect Ericsson and Sjo¨qvist [10]
have demonstrated the existence of a certain field-dipole
configuration in which an atomic analog of the standard
Landau effect [13] occurs. This result has paved the way
for the atomic realization of the quantum Hall effect and
Shubnikov-de Haas effect as well as de Haas-van Alphen
effect using electric fields.
In the solid-state context, dHvA oscillations have been
used to study the shape of the Fermi surface of the clean-
enough materials [14–16]. Such use is also possible in the
context of atomic gases as an alternative technique to
the adiabatic band mapping [17]. However, the atomic
dHvA effect is still poorly studied. In [18], Grenier et
al. have explored the possibility of observing like-dHvA
oscillations for a non-interacting gas of fermionic atoms,
either by putting the gas in rotation or by using artificial
gauge fields. In another recent work we propose an ex-
perimental scheme for the realization of the dHvA effect
in a 2D ultracold atomic cloud which uses the coupling
between the internal states of tripod-type atoms and an
appropriate spatially varying laser field arrangement [19].
In this work, we show that the dHvA effect can be
induced in a neutral atomic system by the interaction
between atoms with magnetic dipole moment and an
electric field (AC interaction). From the Ericsson and
Sjo¨qvist theory we describe how a symmetric gauge and
consequently a uniform magnetic field can be realized in a
2D atomic gas using a suitable field-dipole configuration.
This leads to the LAC quantization. We show that the
confinement of the neutral particles in an atomic cloud
restricts the magnetic field strength. In view of the fact
that Rydberg atoms are very sensitive to electric fields,
we consider an atomic gas composed by 87Rb ultracold
Rydberg atoms and we calculate the LAC degeneracy for
this system. In a regime of strong magnetic field and zero
temperature we display the quantum oscillations in the
energy and effective magnetization of the gas. Finally, as
a result of the dHvA oscillations, we determine the area
of the Fermi circle of the atomic cloud.
LANDAU-AHARONOV-CASHER
QUANTIZATION
According to the AC theory the Hamiltonian operator
that describes the interaction between a neutral particle
with nonvanishing magnetic moment µ and an electric
field E, in the non-relativistic limit, is given by [10]
H =
1
2M
(
p− µ
c2
n×E
)2
+
µ~
2Mc2
∇ ·E, (1)
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2where n is the direction of the magnetic dipole moment
µ, M is the mass of the particle and c is the speed of
light. The Hamiltonian (1) presents an analogy to the
minimal coupling, where p− µc2n×E is the homologous
of the kinematic momentum for a charged particle in the
presence of the magnetic field. In this context, the AC
vector potential is defined as
AAC =
1
c2
(n×E) , (2)
and the associated magnetic field as
BAC =
1
c2
∇× (n×E) . (3)
In order to obtain the LAC quantization we assume
the magnetic dipole moment µ aligned parallel with the
direction z, i.e., n = zˆ, and we adopt the following cylin-
drical electric field configuration
E =
ρ0
20
rrˆ, (4)
where 0 is the electric vacuum permittivity and ρ0 is a
uniform volume charge density.
Then the corresponding AC vector potential becomes
AAC =
ρ0
20
rφˆ, (5)
and the AC magnetic field takes the form of the uniform
magnetic field
BAC =
ρ0
0
zˆ. (6)
Note that the field-dipole configuration presented above
obeys the Ericsson and Sjo¨qvist conditions for the emer-
gence of an AC analog of the Landau effect, namely: (i)
condition for vanishing torque on the dipole, n × (〈p −
µ
c2n×E〉×E) = 0, where 〈 · 〉 denotes expectation value;
(ii) conditions for electrostatics; ∂tE = 0 and∇×E = 0;
(iii) BAC uniform.
Under the field-dipole configuration presented above
we can write the Schro¨dinger equation for the system, in
cylindrical coordinates, as
− ~
2
2M
[
1
r
∂
∂r
(
r
∂
∂r
)
+
1
r2
∂2
∂φ2
]
Ψ +
[
− i~ωAC
2
∂
∂φ
+
Mω2AC
8
r2 +
~ωAC
2
]
Ψ = EΨ,(7)
with the cyclotron frequency
ωAC =
µρ0
Mc20
=
σ|µρ0|
Mc20
= σ|ωAC |, (8)
for which the sign σ = ±1 describes the revolution direc-
tion of the corresponding classical motion.
Once the coefficients in the differential Eq. (7) are
independent of the azimuth coordinate φ, the angular
momentum Lˆz = i~ ∂∂φ is a quantum integral of motion
and so the wavefunction Ψ can be factorized to separate
the variables
Ψ = eimφR(r). (9)
Here eimφ is the eigenfunction of the operator Lˆz, with
the eigenvalue ~m where m is an integer.
Substituting the solution (9) into Eq.(7) the
Schro¨dinger equation assumes the form
~2
2M
[
d2
dr2
+
1
r
d
dr
− m
2
r2
]
R+
[
E − σ~|ωAC |
2
(m+ 1)
−Mω
2
AC
8
r2
]
R = 0. (10)
Introducing the dimensionless variable ξ = M |ωAC |2~ r
2
we rewrite Eq. (10) in a dimensionless form[
ξ
d2
dξ2
+
d
dξ
]
R+
[
−m
2
4ξ
+ β − ξ
4
]
R = 0, (11)
where β = E~|ωAC | − σ2 (m+ 1).
The asymptotic analysis of Eq. (11) prompts us to
write a solution for R(ξ) as
R(ξ) = e−ξ/2ξ|m|/2W (ξ). (12)
It is instructive to note that in case of the standard
Landau problem for free electrons in an uniform magnetic
field the solution (12) is obtained taking r → ∞ (which
is to say ξ → ∞). On the other hand, in our system
we consider the particles confined in a 2D atomic cloud
which implies that the value of r is limited. In this case,
we can obtain the analytical solution (12), in the limit of
[12, 19–21]
M |ωAC |
2~
 1 m−2, (13)
which leads to the following restriction on the effective
magnetic field strength
BAC  2~c
2
|µ| . (14)
By substituting solution (12) into Eq. (11), one arrives
in the confluent hypergeometric equation
ξ
d2
dξ2
W (ξ) +
[
|m|+1− ξ
]
d
dξ
W (ξ)
+
[
β − |m|+ 1
2
]
W (ξ) = 0, (15)
which is satisfied by the confluent hypergeometric func-
tion
W (ξ) = F
(
−β + |m|+ 1
2
, |m|+ 1, ξ
)
, (16)
3with the energy eigenvalues in the form of
E(σ)nξ,m = ~|ωAC |
(
nξ +
|m|
2
+
σm
2
+
σ
2
+
1
2
)
. (17)
Here nξ is a nonzero negative integer. These levels are
equivalent to the Landau levels of the charged system.
The radial eigenstates for these LAC states are given by
Rnξ,m(r) =
1
a
|m|+1
AC
√
|m|+ nξ!
2|m|nξ!|m|!2 e
− ρ2
4a2
AC ρ|m|
×F
(
−nξ, |m|+ 1, ρ
2
2a2AC
)
, (18)
where aAC =
√
~
MωAC
.
Finally, introducing a new quantum number
n = nξ +
|m|+ σm
2
, (19)
then the energy spectrum acquires the standard form of
the LAC spectrum
E(σ)n = ~|ωAC |
(
n+
1
2
(1 + σ)
)
, (20)
where n = 0, 1, 2, ....
The quantities that characterize this LAC system can
be obtained by using the AC duality [1, 10]
qΦ↔ µλ
c20
, (21)
where Φ is a magnetic flux and λ is an uniform linear
charge density in the direction of the magnetic dipole.
In addition, we have that λ = ρ0A, with A being the
area of the atomic cloud.
In this way, the spacing between the energy levels for a
fixed σ is ∆EAC = ~ |µρ0|Mc20 , the effective magnetic length
is l =
√
~c20
µ0
and the degeneracy is
DAC = ρBAC (22)
where ρ = µAc2h and BAC =
ρ0
0
. Note that the degener-
acy linearly depends on the magnetic field BAC and it is
limited by the fact that we have a finite atomic trap.
From an experimental point of view, ultracold Rydberg
atomic clouds are good candidates for the realization of
the LAC quantization. This is because the extreme prop-
erties of the highly excited atoms compared to atoms in
ground state, such as very high dipole polarizabilities,
magnetic moments and atom-atom strengths become the
Rydberg atoms very sensitive to electric fields [22–24].
For instance, if an 87Rb atom is excited to a state n = 51
(n is the principal quantum number), the atom can have
a magnetic moment of µ = 50 µB , which is a factor of
50 higher than the magnetic moment of an atom in a
|5S1/2, F = 2,mF = 2〉 ground state [24]. This would
lead to a stronger AC interaction for the Rydberg atom
in an electric field, as compared to an atom in the ground
state. Furthermore, the regime of ultracold temperatures
allows reaching a significant LAC quantization without
the requirement of too extreme electric fields.
In what follows we consider a 2D ultracold atomic
cloud with an area of A ∼ 150 µm2 and containsN ∼ 104
87Rb atoms in the n = 51 excited state [25–27]. Under
these conditions, the expression (14) becomes
BAC  40.93 Teff , (23)
where Teff =
N
C·m is an effective unit.
In addition, the degeneracy is written as
DAC = 1.17× 10−15BAC . (24)
As a result, the lowest landau level regime of the sys-
tem, i.e., DAC = 10
4, is achieved when BAC = 8.55 ×
1018 Teff .
QUANTUM OSCILLATIONS FOR NEUTRAL
PARTICLES SUBJECT TO AN ELECTRIC FIELD
From now on, we investigate the phenomenon of dHvA
oscillations for the neutral atomic system presented in
the previous section. We consider the system at zero-
temperature limit and containing a fixed number of N
atoms. We do not take into account the temperature
smearing of the quantum oscillations. We assume that
the lowest p LAC levels (where p is a positive integer)
are completely filled with pD atoms each one and the
highest (p + 1)th level is partly occupied with N − pD
atoms. In this case, the Fermi level lies in the (p + 1)th
level.
From Eq. (22) we can see that by decreasing the
magnetic field BAC , it decreases the degeneracy D of
the system. As a consequence, fewer atoms can be ac-
commodated on each LAC level and the atomic popu-
lation of the highest (p + 1)th energy level will range
from completely full to entirely empty. Fig.(1a) illus-
trates the transfer of atoms to the highest partly occu-
pied LAC level of a 2D ultracold cloud with N = 104
87Rb atoms when the magnetic field is slept in the range
8.55 × 1018 Teff ≤ BAC ≤ 8.55 × 1017 Teff or equiva-
lently 1.17× 10−19 T−1eff ≤ 1BAC ≤ 1.17× 10−18 T
−1
eff . At
1
BAC
= 1.17 × 10−19 T−1eff only the lowest level p = 0 is
populated with 104 atoms and the upper level (p+1)th =
1 is empty. As the reciprocal magnetic field is increased
the level p = 1 starts to accommodate atoms until it is
fully occupied with 5 × 103 atoms. Then a new upper
level (p + 1)th = 2 becomes populated and so on. Note
that singularities appear at strength of the magnetic field
where a new LAC level becomes occupied. The distance
4between such singularities are regularly spaced and de-
fines the dHvA period ∆( 1BAC ) =
ρ
N = 1.17×10−19 T−1eff .
Fig.(1b) displays how the population of the lowest p com-
pletely filled levels varies with 1BAC . It is this jump of
atoms to a higher energy level that causes the oscilla-
tions in the energy and in the effective magnetization of
the atomic gas as a function of the inverse AC magnetic
field.
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Figure 1. (a) (Color online) Number of N − pD atoms in
the LAC level partially filled as a function of the reciprocal
magnetic field (in units of 10−19 T−1eff ). (b) Number of sD
atoms in energy levels which are completely occupied as a
function of the inverse magnetic field.
Summing the energy of the atoms in fully occupied
levels with the energy of the atoms in the partly filled
level we have the total energy of the system that is given
by
ε =
p−1∑
n=0
(n+
1
2
)~|ωAC |D+ (N − pD)~|ωAC |(p+ 1
2
) (25)
which can be rewritten in a most appropriate form as
ε = −µeffB ρ
(
B2ACp(p+ 1)−
N
ρ
BAC(2p+ 1)
)
, (26)
for ρsN <
1
BAC
< ρ(s+1)N . Here µ
eff
B =
~µ
2Mc2 is an effective
Bohr magneton.
However, for simplicity, we consider just the total en-
ergy of the atoms in the partly occupied LAC level which
is expressed as
ε′ = −µeffB ρ
[
pBAC − N
ρ
] [
(p+ 1)BAC − N
ρ
]
. (27)
As Fig. (2) shows, the energy ε′ oscillates with a
quadratic dependence on each dHvA period. Note that
if we set either 1
BpAC
= pρN or
1
Bp+1AC
= (p+1)ρN there is no
LAC level partly populated and the Eq. (27) is zero. On
the other hand, at 1BAC =
ρ
N
p(p+1)
p+ 12
the energy ε′ has a
local maximum. The amplitude of the oscillations falls
because a new higher level passes to be occupied each
time with fewer particles as 1BAC varies.
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Figure 2. Variation of the energy (in units of 10−27 J) of the
partially occupied LAC level with respect to the inverse effec-
tive magnetic field (in units of 10−19 T−1eff ). For calculations,
we take MRb = 1.443× 10−25 kg and µ = 4.64× 10−22 J/T.
The effective magnetization M is obtained taking
− ∂ε′∂BAC , then we have
M = µeffB ρ
[
2BACp(p+ 1)− N
ρ
(2p+ 1)
]
, (28)
where pD < N ≤ (p + 1)D. In Fig. (3) we display the
dHvA oscillations of the AC magnetization as a function
of the inverse magnetic field calculated from Eq. (3).
As expected, at T = 0 these oscillations have a saw-
tooth shape with a constant amplitude. M is linear in
1
BAC
except in points for which a new LAC level starts
to be filled. In these points the Fermi level makes an
abrupt jump between two LAC levels and consequently
M experiences jumps of 2NµeffB ≈ 3.76×10−44 J·sT at the
end of each dHvA period. The effective magnetization
is −NµeffB (Landau diamagnetism) when just the first p
LAC levels are occupied, and it jumps to +NµeffB as the
(p+1)th level starts to be populated, returning smoothly
to −NµeffB again when this new level is completely pop-
ulated.
It is important to observe that since the AC magnetic
field in Eq. (6) is artificial, the effective magnetizationM
is not directly observable. However, as discussed in [18]
there are indications that the dHvA oscillations should
5be observed in the angular momentum 〈Lz〉 of the atomic
gas, which is directly analogous to the magnetization in
the solid-state context.
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Figure 3. Effective Magnetization (in units of 10−44 J·s
T
) as a
function of the inverse magnetic field (in units of 10−19 T−1).
As a natural consequence of the dHvA oscillations, we
can determinate the area S of the extremal cross-section
of the Fermi surface of the atomic cloud through the
Onsager-like relation
S =
2piN
~ρ
Using the physical parameters of the system we estimate
the area of the Fermi circle in S ≈ 5× 1053 m−2.
CONCLUSION
An atomic analog of the de Haas van Alphen effect
based on the Aharonov-Casher interaction has been pro-
posed. In this context, neutral atoms may interact with
an electric field via a nonvanishing magnetic moment.
Using the Ericsson and Sjo¨qvist theory we have shown
how a uniform magnetic field can be induced by an elec-
tric field in a 2D ultracold atomic gas. We have shown
that the magnetic field strength is limited by the fact
that the gas is finite. Applying the Schro¨dinger equa-
tion approach the LAC energy levels and eigenfunctions
are obtained. Due to the high sensitivity of the Rydberg
atoms to the electric fields we have considered an atomic
cloud composed by 87Rb ultracold Rydberg atoms and
we have calculated the LAC degeneracy for this system.
In the limit of high magnetic field and zero temperature
we have presented the oscillatory variation of the energy
and effective magnetization of the gas as a function of the
magnetic field strength. As a consequence of the dHvA
oscillations, we have estimated the area of the Fermi sur-
face of the atomic gas.
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